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Abstract 

The aim of this article is to prove a Beals type characterization theorem for pseudodifferential op¬ 
erators in Wiener spaces. The definition of pseudodifferential operators in Wiener spaces and a 
Calderon-Vaillancourt type result appear in [T]. The set of symbols considered here is the one of [I]. 
The Weyl calculus in infinite dimension considered here emphasizes the role of the Wick bi-symbols. 
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1 Statement of the main result. 


In quantum field theory, such as quantum electrodynamics which will be considered in a forthcoming 
article, the set of states of the quantized field may be chosen as a symmetrized Fock space Ts{Hc) over 
an Hilbert space H. Among the operators acting in such spaces, those coming from the Weyl calculus in 
infinite dimension and recently introduced in [1] (see also in [2] the case of the large but finite dimension) 
may have applications to modelling the interaction of the quantized field with a fixed particle of spin 1/2. 
These applications will be developed in a next article, but we need some properties which are not in [I] 
and that we present it here. 

We note by a real separable space and by He the complexified. The norm of H is noted by | • | and 
the scalar product of two elements a and 6 of is by a • &. The norm of an element of is denoted by 
I • |. For all X = {x, and Y = (y, ry) in we set 

X-Y = {x + iO-{y-irii), a{X,Y) = y ^ - x ■ rj. (1) 

We recall that Xs{Hc) is the completion of the direct sum of the subspaces Tn {n > 0) where Tq is one 
dimensional and represents the vacuum, while Xi = He and J-n (n > 2) is the n— fold symmetrized tensor 
product representing the n particles states. This space is not very convenient for the Weyl calculus since 
we have to write down integrals but it is isomorphic to some space on a suitable Banach B endowed 
with a gaussian measure. 

It is known that, for any separable real Hilbert space H there exists, 

- a Banach space B containing H, 

- a gaussian measure y.B,h with variance h on the cr—algebra of the Borel sets of B, for all h > 0, 

satisfying some assumptions we formulate here in saying that {i, H, B) is an abstract Wiener space (where 
i is the injection from H into B). See [11] [12] [19] and [I] for precise conditions which should be fullfilled 
by B. See also [TB] (example 2, p. 92) for a standard way of construction of a space B satisfying the 
assumptions. 

Identifying H with its dual, one has, 

B' C H' = H C B. (2) 

If H is finite dimensional, we have B = H and for all Borel sets H in H, 

= (27rh)-'i™(^)/2 [ e-^dy. (3) 

JQ 

In the general case, the symmetrized Fock space Xs{He) ([13],[H]) is isomorphic to the space L?{B, yB.h/ 2 ) 
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(see m\m)- The complexified He C J-s{Hc) is identified with a closed subset of fig h/ 2 ) which 
in field theory is the subspace corresponding to the states of the field with exactly one particle. 


The Weyl calculus in infinite dimension of [I] allows to associate to some suitable functions F on the 
Hilbert space H'^, bounded and unbounded operators in Fs{H) (or in ^B,h/ 2 ))- Let us first recall 

the assumptions filled by functions F. 

Definition 1.1. Let {i,H,B) be a Wiener space satisfying (0j. We choose a Hilbert basis (ej)(jgr) of 
H, each vector belonging to B', indexed by a countable set T. Set Uj = {ej,0) and Vj = (0,6^) (j G T). 
A multi-index is a map (a, /3) from T into N x N such that aj = fdj = 0 excepted for a finite number 
of indices. Let M be a nonnegative real number, m a nonnegative integer and e = (ej)(jgr) ® family of 
nonnegative real numbers. One denotes by Sm{M,e) the set of bounded continuous functions F : H^ —>■ C 
satisfying the following conditions. For every multi-index {a, (3) such that 0 < aj < m and 0 < fdj < "m 
for all j G r, the following derivative, 


a;a>F = 


ter 


F 


is well defined, continuous on H^ and satisfies, for every (x,^) in H^, 


dy^F{x,^) <MY[ 

jer 


^3 


(4) 


(5) 


For each summable sequence {sj), the first step in [T] is to associate to each function F in S 2 {M,e), a 
quadratic form on a dense subset V (see Definition 12.11 abovel. and not an operator on the 

above Hilbert spaces. 

One may also associate a quadratic form on V with symbols F which are not in the above set, 

in particular if they are not bounded. To do it, it is sufficient that the two conditions below are satisfied: 

(HI) The function F : H^ — >■ C has a stochastic extension F : — >■ C in L^{B'^, h-B'^,h/ 2 ) (see definition 

4.4 of [ 1 ] which recall and adapt a previous definition of L. Gross m- 

(H2) The action on |F| of the following heat operator 

{Hh/2\F\){X)= j \F{XFY)\diiB-^h/2{Y) X G H^ (6) 

Jb^ 

is polynomially bounded, i.e., it satisfies for m > 0 and C > 0, 

{H^/ 2 \F\){X)<C{l + \X\r ( 7 ) 

(that is to say that the norm in formula (12) in [T] is finite). 
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In Theorem l2.21 we recall the construction of in a slightly simplified way, but the construction 

in [1] uses the analog in infinite dimension of Wigner functions which may have its own interest. The 
hypotheses 1 and 2 are satisfied if F belongs to 5*2(M,e), the sequence (ej) being summable. Inequality 
(f7|) is then satisfied with C = M and m = 0. See others examples in Section [2l 


Next, as shown in [I] (Theorem 1.4), if F belongs to S' 2 (M, e) then Q^'^^’‘{F) is the quadratic form of 
a bounded operator in pLg h/ 2 ) or equivalently, bounded in Fg^Hc). In addition, this operator 

satisfies, if 0 < /i < 1, 

\\OpTy\F)\\ < M n(l + il^hSge]) (8) 

jer 


where 


Se = supmax(I, e^). 
ler 


(9) 


The hypothesis (H2) in Theorem 1.4 in [I], which not mentioned here, is always satisfied if F belongs to 
S 2 {M,e) and if the sequence (sj) is summable (Proposition 8.4 in [T]). 


We have now to define and to compute, commutators of these operators with momentum and position op¬ 
erators. In finite dimension n, theirs compositions and commutators are a classically defined as operators 
from iS(R"') into 5'(R"'). In our case, iS(R") is replaced by space V of Definition 12. 1 1 In the absence of an 
analog of 5'(R"’), we prefer instead to use quadratic forms on V (see [H]). We then consider mappings 
ify9) on T) X T) that are linear in / and antilinear in 5 . A notion of continuity is given in 

Section 


One may define two compositions (left and right) of a quadratic form Q on the space V of Definition 12. 1 1 
with an operator A :'D ^ V whose formal adjoint A* also maps V into V. One set, for all / and g in D, 


iQoA){f,g)=Q{Af,g), {A o Q){f, g) = Q{f, A* g). (10) 

One then define the commutator [A, Q] and (adA)(5 as the following quadratic form, 

Q]{f, g) = Q{f, A*g) - Q{Af, g). (II) 

Thus, one can define the iterated bracket (adAi)... (adA„)(3 if Ai, ... A„ are operators from V into T>. 

We see in Proposition 12.31 that one may associate with each continuous linear form G on F[^, not only a 
quadratic form but also an operator Op'^^^''{G) from V to V. This Weyl operator is the Segal 

field, up to a numerical factor, and may be directly defined in Fs{H) using creation and annihilation 
operators, without using the Weyl calculus. In particular, when F{x,^) = a ■ x with a in iJ, the 
corresponding Weyl operator will be denoted Qh{a) (position operator). When F(x,^) =b - when b in 
H, the operator will be denoted Ph{b) (momentum operator). 
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If F belongs to SmiM,e) and G is a continuous linear form on then Proposition 12.61 allows us to 
extend the following result which is well-known in finite dimension, 

[Qr\n opr^iG)] = gd . ( 12 ) 

In particular, if (ej) is the Hilbertian basis of H chosen to define our sets of symbols then equality m 
gives, 

io/.(ej).<3r'G)i =-jor''(1^). 

One may iterate and consider iterated commutators while restricting ourselves to some set of multi¬ 
indices. We denote by A4m the set of pairs (a, /3) where a = ic(j)(^j^r) and /3 = are sequences of 

nonnegative integers such that aj = /3j = 0 except for a finite number of indices j, and such that aj < m 
and /3j < m for all j G P. One associates to each multi-index (a, /3) the following iterated commutator, 

i^dPhriadQhfQr^^iF) = Y[iadPh{e,)r^ Y[iadQhiek)f'^Qr^^iF). 

ier fcer 

In the same way, if F is in Sm{M, e) and if (a, /3) is in Mp, p < m — 2, 

{&dPhT{&dQhfQZ^'>\F) = {-l)\P\h/i)\^+f^\QZy\d^dlF). 

From Theorem 1.4 in [1], the above Weyl quadratic form is associated to a bounded operator in L?{B, PB,h/ 2 ), 
denoted as below and verifiying, 

||(adP)“(adQ)'50pr'''(^)ll <MY[{l + 8l7rhS,e]) (13) 

ter jer 

The purpose of this work is to prove the reciprocal statement, as Beals [3] did in finite dimension (see 
also mm and [7] for adaptations to other classes of symbols in finite dimension). 

Theorem 1.2. Let (i, iJ, B) be a Wiener space satisfying (Qp. Let Ah be a bounded operator in L^(B, PB,h/ 2 )- 
Let (ej) (j S P) a Hilbertian basis of H consisting of elements in B'. Let M > 0 and let (ej)(^j^Y) « 
summable sequence of real numbers. Let m>2. Suppose that, for all (a, ft) in Mm+i, the commutator 
(a.dP)°‘(a.dQ)^Ah (being a priori defined as a quadratic form onP) is bounded in L^(B, p.B,h/'i) that, 

\\(adP)^{adQ)^Ah\\ < MY[(he,)‘^i+^F (14) 

ter 

Then, «/0 < h < 1, there exists a function Fh in Sm(M',s) with, 

M' = MY[{l + KS^he^j) (15) 

ter 

where K is a universal constant, and Sg is defined in m, such that the Weyl operator Op'((^^^(F) asso¬ 
ciated to F is equal to Ah- 
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Section [5] introduces various results concerning the Weyl calculus in infinite dimension intended to be 
used in an upcoming work. Sections [3] to [7] are devoted to proof of Theorem 11.21 Section [8] applies this 
theorem to composition of two operators defined by the Weyl calculus. We show that the composition is 
also defined by this calculus, but we do not give any results on the possible asymptotic expansion of its 
symbol, this result being used in a forthcoming article. 


2 Weyl calculus in infinite dimension. 

2.1 Coherent states. 


For X = {a,b) in and all h > 0, one defines 'i’x,h the corresponding coherent state ([4][8][10]), they 
belong to jFs{Hc) and are defined by, 




E 

n>0 


^r+ibr 




(a + ib) I 


{a + ib). 


(16) 


In view of the isomorphism from Xs{Hc) in L‘^{B, each element a oi H G J-s{Hc) is seen as a 

function in denoted x — >■ '/h£a{x). When a is in B' C H, one has la{x) = a{x). When a 

is in H, it is approximated by a sequence (oj) in S', we then show that the sequence fa, is a Cauchy 
sequence in L^{B, fJ.B,h/ 2 ) and we denote by £a its limit. With the same isomorphism, the coherent state 
'^{a,b),h defined in (fT6l) becomes. 



'iixMiu) = X = (a, b) S a.e. u&B. 

(17) 

We see, for all X 

= (x,^) and Y = {y,T]), with the notation ([T|), that 



< 'i’xh, '^Yh >= 

(18) 

In particular. 

1 < 'i’xh,'i’Yh > 1 = 

(19) 


We call Segal Bargmann transform (na) of / the function 

We know that Thf admits a stochastic extension Thf in L‘^{B'^, ^B^.h) and we know that, Th is a partial 
isometry from L‘^{B, ^B,h/ 2 ) into L?{B'^, ^iB'^^h)- 
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2.2 The space V and Wick symbols. 


Definition 2.1. For all subspaces E of finite dimension in H, Ve denotes the space of functions f : 
B —>■ C such that, 

i) the function f is written under the form f o Pe, where f is a continuous function from E in C and 
Pe is the mapping from B in E defined as follows, choosing an orthonormal basis {ui ,...««} of E, 

n 

Pe{x) = '^£uj{x)uj, a.e. X e B (21) 

j=i 

(the map Pe is independent of the chosen basis). 

a) the function E'^ 3 X —>■< /, 'i’xh > (scalar product in Lf(B, iJ.B,h/ 2 )) is in the Schwartz space S{E'^). 
We shall denote by V the union of all spaces Ve- 


We observe that the coherent states belong to V. The condition ii) is equivalent to say that the function 
/ of i) is such that the function 

E ^ u ^ f{u)e~'~^ (22) 

belongs to S{E). One says that a quadratic form Q on 22 is continuous if, for all i? C 22 of finite 
dimension, there exists C > 0 and m > 0 such that, for all / and g in Ve, 

\Q{f,g)\ < CI{E,m){f)I{E,m){g) (23) 

where 

I{E,m){f)= [ \<f,^xh>\{l + \X\rdX. (24) 

Je'^ 

One says that a linear mapping T in 22 is continuous if, for all 2? C 22 of finite dimension, there exists 
F C 22 of finite dimension such that f G Ve implies T f gVf and if, for all integer m, there exists C 
and m' such that, 

I{F,m){Tf)<CI{E,m'){f). (25) 


We shall recall the definition of the Wick symbol and bi-symbol. If Q is a quadratic form on 22, we denote 
by Sh{Q) the function defined on 22^ by, 


Sh{Q){X,Y) 


Q{'^X,h,'^Y,h) 


(26) 


If Qif,g) =< Af,g >, where A is an bounded operator in the Fock space Ps{Hc), or equivalently in 
L‘^{B, pLB^h/ 2 ), then the symbol ShiQ) will be also denoted Sh{A). Let us recall that, if X = {x,f) is 
identified with x -I- if,, then the function Sfi{A) is Gateaux holomorphic in X and antiholomorpic in Y. 
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We denote by the restriction to the diagonal of the above function, 


ar\Q)iX)=Q{^x,h,'i>x,h). 


(27) 


2.3 Definition of the Weyl calculus in infinite dimension. 


If it = i? = R" and if, say, F is a C°° function on bounded together with all its derivatives, one 
associates with F an operator Op^^^\F) satisfying, 

Sh{.OpZ'^\F)){X,Y)= [ (28) 

= f f(z+ 

JR2*» V ^ / 

This equality is proved in Unterberger |25| and we use it for an extension to the infinite dimensional 
spaces. 


The first issue is that, the function F is defined on according the Definition ll.il and giving a meaning 
in infinite dimension to an integral such as the one in (E51) . we have to integrate over B^, where {i,H,B) 
is a Wiener space. Indeed, in infinite dimension, FI^ cannot be endowed with a gaussian measure which 
corresponds to its own norm. 

We have to be able to extend the function F, defined on F[^, to a function F defined on In general it 
is not a density extension but a type of extension introduced by L. Gross and named stochastic extension. 
It may be found in [T] (Definition 4.4) where we recall a definition of this notion adapted to our purposes. 
From Proposition 8.4 of [1], we know that each function F in Si{M,e) admits a stochastic extension F 
in L^{B^, pLB^,h/ 2 ) at least if the sequence {sj) is summable. Moreover, the proof of Proposition 8.4 of 
[1] shows that any linear form F on has a stochastic extension F in L^{B^, h'B^,h/ 2 )- 

By analogy with (pS)) . one expect to associate with each function F satisfying the hypotheses (HI) and 
(H2) of Section [U a quadratic form (5“'^^*(F) on V, with bi-symbol ShiQ^'^^^F)) of form, 

$(X,y) (29) 

Theorem 2.2. Let F : C be a function satisfying the hypotheses (HI) and (H2) of Section[J\with 

m > 0. Let F be the stochastic extension of F in L^{B'^, pB^,h/ 2 )- Then, 


i) The integral f29f) converges and verifies, 


2 


|x + r| 


m 


|$(X,r)| < 


2 


(30) 





In addition, this function is Gateaux holomorphic in X and anti-holomorphic in Y. 
a) There is a continuous quadratic form on V such that [F)) ~ 


Sh{QT^\F)){X,Y) 




(31) 


Proof, i) The convergence of the integral (1^^ and the estimate (|5(I1) follow from hypothesis (H2). By a 
change of variables (cf [I][19]), the function $ may be also written as, 

$(X,r)=/ (32) 

Jb^ 

We deduce that it is holomorphic in X and anti-holomorphic in Y. 


ii) For all / and g in Fe, where E G H is a subspace of finite dimension, set 

Q{f,g)= [ $(X, Y)e^^-^{Thf){X){Thg){Y)dpiEGh{X, Y). (33) 

Je* 

Using (1501) we see that, for all / and g in T>e, 


|Q(/, g)| < C(27r/i)-2d™^ [ | < /, ^x,h > 11 < <?, 'I'v,?. > 1(1 + l^l)(l + |y|)dA(X, F) 

Je^ 

where A is the Lebesgue measure. Consequently, for all / in Fe-, the integral defining Q{f,g) converges. 
When / and g belongs to Fe, they also are in Ff, for all subspace F containing E. If F contains E, 
then we denote by S the orthogonal set to E in E, and {Xe, Xg) the variable of The transform T/j/ 
is a function on E^, independent of the variable Xg. We remark that. 


Igi 


^XE+Xs,YE + Yg)e 


fn^s-Ys 


dgg'i^hiXgjYg) = ^{Xe,Ye). 


Indeed, the function in the integral is holomorphic in Xg, anti-holomorphic in Yg, and its integral is 
equal to its value at Xg = F 5 = 0. Consequently the definition of Q{f,g) is indeed coherent, whether 
that / and g are seen as functions in (Db or in (Df- Let us show that the bi-symbol of Q is $. We have, 
for all X = (cc, f) and Y = {y, g) in H^, if E is the subspace spanned by x, y and g, 

= f HU, V)Bh{X, Y, U, V)dgEGh(.U, U) 

< 'Hxh, 'ityh > Je‘>‘ 

where Bh is a kind of reproducing kernel. 


Bh{X, Y, U, U) = ^fni^-u+u-v+v-Y-x-Y)^ 


(34) 


In a standard way, we have, if $ is holomorphic in X, anti-holomorphic in Y, 



HU, V)Bh{X, Y, U, V)dfiEGh{U, U) 


$(X,F). 


(35) 
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It suffice to make the change of variables U = X + S,V = Y + T, and to apply the mean formula. We 
then deduce that the bi-symbol of Q is indeed $. 


□ 

When F belongs to S 2 {M,e), where the sequence (ej) is summable, we have proved in [1] that the 
quadratic form is associated with a bounded operator. 


2.4 Weyl symbol and Wick symbol. 

It is sufficient to restrict equality (l3T]) to the diagonal Y = X to see that, 

ar'^{Qr^\F)){X)= [ i?(Z + X)d/rB2.v2(^). (36) 

Jb^ 

For all t > 0, the operator 

{HtF){X)= [ F[X + Y)d^lB-,^{Y) (37) 

Jb'^ 

is considered as the heat operator. In the above and below integrals on F{X + Y) denotes the 
stochastic extension on of FI^ BY -B F{X + Y) for each X in H^, which exists since it satisfies the 
same hypotheses as F. We then can write, 

ar’^iQr^\F))=H^/2F (38) 

Equality (1381) extends the standard fact in finite dimension, that the Wick symbol is obtained from the 
Weyl symbol by the action of the heat operator. From Kuo [12] (Theorem 6.2) or Gross [T3] (Proposition 
9), the function Ff^F is continuous on H^. If FI is of finite dimension, we have B = H, F = F, and 
HtF = Note that, 

sup \{HtF){X)\ < sup \F{Z)\ = sup \F{X)\. (39) 

zeB^ x&m 

Proposition 2.3. If F is in Si{M,e) with some chosen basis (e^) and if the sequence (sj) is summable, 
then there exists C > 0 such that, for all X in and t in (0,1), 

\{HtF){X) - F{X)\ < Ct. (40) 


Proof. Let Em be the subspace spanned by the Cj {j < m). We apply (IM)) to the function Fm = 
F — F o TTEm- We obtain, for all X in H^, 


f \iFo PeJ{X + F)) - {Ft{X + Y))\dqLB2,t{Y) < ||F 
Jb^ 


F OTrE„,\\oo 
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where —>• is the orthogonal projection and Pe^ ■ B'^ —7> E'^ is its stochastic extension, 

defined as in (1^ . If F is in Si{M,e), we have, 

OO 

II- F O TTE^ ||oo < 2M (") 

3=P 


For all TO > 0 and for all X in H^, we have. 



F{Pe^{X + Y))dfiB-^t{y) 



F{{7rE^X) + Y)d^iE-^4Y). 


According to standard results in finite dimension, we have for all a in E^ 



F{a + Y)dfiE2^^t{Y) 


F{a) 


<t||A,„F|U 


where 



We apply this inequality to o = 7r£;^(A) using again (gT]). Consequently, for all t £ (0,1) and to > 1, 


\{HtF){X) - F{X)\ < 2MtY,e] + 4M ^ e,. 

j—1 m+1 

We deduce (l40ll when to goes to infinity. 


□ 


2.5 Operators with linear symbol. Composition. 

Proposition 2.4. Let F be a continuous linear form on Let be the quadratic form on P 

defined in Theorem \2.2[ Then, there exists an operator denoted Op^^^^{F) from P into itself, such that 

QT^\F){f,g)=<OpZ^\F)f,g>, if,g)eP^. (42) 

Proof. Let / be in Pe, where F C Ft is of finite dimension. As in Definition l2.ll we may write, / = /oPe, 
where the function is in 5(F). Let a and 6 in F be such that F(x, ^) = a ■ x + b ■ Let Fi be the 
subspace spanned by F, a and b. Set /i : Fi —?> C the function defined by, 

fi{u) = (a + ib) ■ uf{TT{u)) + -(7r(&) • Xf){Tr{u)), u € Ei 

% 

where tt : Fi —^ F is the orthogonal projection. We have OPf’'^^\F)f = fi o Pe.^ and this function 
is in Pei- Thus, if F is linear, the quadratic form is associated with a continuous operator 
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from 2? into F. The set of linear functions is invariant by the operator Hf^/ 2 - Consequently, 
the Wick symbol of is also F. We may write F{x,^) = P{X) + Q{X). Then, the bi-symbol of 

Ql’'y\F) is P{X) + Q(J). We have, for all / in Ve, for all Y S {Eif, 

< Opl^y\F)f,^Yh >= {27rh)-^ [ < f,M>xh >< Op;;^y‘{F)^xh,^Yh > dX 

= (27r/i)“"’ f < f,"^xh > [P(X) -I- Q(Y)] < '^Xh, '^Yh > dX. 

Je^ 

Consequently, for all integer to. 


{l + \Y\r\<Opr^‘{F)f,^S>Yh > I 

<C(P,Pi,h) [ il + \X\r+^\<f,-^xh>\{l + \X-Y\r+^e-^\^-^\"dX. 

Je'^ 

Therefore, 

I{EYm){Opr^\F)f) < C{E, E^m, h)I{E, m + !)(/) 
which proves the continuity of Op^^^\F) in P. 


□ 


Let ^ be a continuous quadratic form on P. Let B : P ^ P he a, continuous linear mapping with a linear 
Wick symbol. We recall that the quadratic forms Ao B, B o A and \A^ B] are defined in (TTO)) and (fTTll . 

Theorem 2.5. Let A^ be a bounded operator in L‘^{B, pQ j^/ 2 ), o,nd set Lh an operator from P into P 
with a Wick symbol being a linear form L(x,£f) on . Let Ah o Bh he the quadratic form on P of their 
eomposition defined as in SectionUl Then, we have, 


ar^’^iAh o Lh) = ar^\Ah)ar^\Lh)+ 


li V 

2 ^ 

jer 


d 

dxi 


dij 


^wick 


(Ah) 


d 

dxi 


d£,j 


^wick 


(Lh) 


This result is valid when exchanging the roles of Ah and Lh ■ 


Proof. Set L{x, f,) = a ■ x + b ■ with a and b in H. Let X be in H^. There exists an unitary operator 
Wx,h such that 'Sx,h = Wx,h'^o,h- We have, 

ar‘^'^{AhoLh)iX) =<Lh'i>x,h,A*f,’itx,h >=<f,9> 

with / = Wx,,LhWx,h^o,h and g = Wx f,AlWx,h'i’o,h- Let Thf and Thg be the Segal Bargmann 
transforms of / and g dehned in dSQl), Thf and Thg being their stochastic extensions in L‘^{B‘^, p,B 2 h). 
Since Th is a partial isometry from LF‘{B, pg h/ 2 ) into L'^{B^, pE^,h)y '"^0 have 

ar^^(AhoLh)(X)= [ fhf{Z)fhg{Z)dpB2,h{Z)- 

Jb^ 
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We also have. 


ThfiZ) = L{X)+£a+^b{z-iO- 

Since Thg is antiholomorphic then the mean formula gives, 

[ fhg{Z)dgB-^h{Z) = Wg{0) =< 'ho ,?.,g >= ar^'^{Ah){X). 

Jb^ 

Similarly, integrating by parts (see Theorem 6.2 of Kuo [19]), for all 7 in the complexified of H, 

[ i^{z - iC,)fhg{Z)dgiB^^h{Z) = hj ■ (0, - idc)^(O) = hy • (d, - id^)ar^^(Af,)(X). 

Jb^ 

The proof of Theorem then follows. 


□ 

Proposition 2.6. Let F he a function in S 2 {M,s) where the sequence (sj) is summahle and let L be a 
continuous linear form on . Let 

$ = FL+A{f,L}, vI/ = FL-^{F,L}. (43) 

li li 

Then, 

i) The functions <i> and 4? satisfy hypotheses (HI) and (H2) in Section\^ 

a) The corresponding Weyl forms using the Theorem \2.2\ satisfy, for all f and g in T), 

Qr\m,9) =< 0pr\L)f,0pTy\Fyg >, 

Qr\-^)u,9) =< opr\F)f,opr\Lrg >. 

Proof, i) Using the linearity of G and the estimates Jg\£a{X)\\£b[X)\dpB,h/ 2 {Zi) < C\a\\b\, th.e eydsience 
of L^ stochastic extensions are obtained similarly as in the proof of the Proposition 8.4 of [I]. The 
polynomial estimate on the semigroup uses that the stochastic extension of X —^ F{X)a.X is F£a with 
Ib \^a{X)\dflB,h/ 2 {X) < C\a\. 

ii) We may write L{x,f) = a ■ x + b ■ with a and b in H. From (1371) . 

[Hb, 2 FL){X) = {Hb, 2 F){X)L{X) + f F{X + Y){£a{y) + £b{g))dgBKh/ 2 {y)- 

Jb^ 

Integrating by parts, 

{Hbf2FL)iX) = iHb/2F){X)LiX) + ^ f G(X + Y)dgB-,h/2{y) 

Z Jb^ 
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where G{x, ^) = (^a ■ dx -\- b ■ F. In other words, 

iHf,/^FL)iX) = {Hf,/^F){X)L{X) + ^ (a • 5, + 6 • 9^) {Hf,/^F){X). 
Since leaves F invariant, this may be written as, 


{H,,/^F){Hu/2L) +-Y, 


jer 


dH^I^F dH^/^L 


dx^ 


dxi 


dH,,/^F dHy^i^L 
d^j d^3 


Similarly, 


Hh/2{F,L} = {Hi,/ 2F,L} = {Hj,/2F,Hhi2L}. 


Consequently, if $ is defined in (H51) then 


Hh/2^ = {Hf,/2F){H^,/2L) + 


h 

2 



d _ ._Y\ 

dxj 


{Hh/2F) 




iHh/2L). 


From Theorem l2.51 is the Wick symbol of the composition of the two operators with Wick symbols 

being -ff/i/ 2 -F and Hi^/ 2 F, that is to say, Op^^^^{F) and The proposition is then a consequence 

of the following Lemma. 


□ 


Lemma 2.7. Two continuous quadratic forms on T) with the same Wick symbol are equal. 


Proof. Let A be a continuous quadratic form on F which Wick symbol vanishes identically. Let X and 
Y be in Set, 


t{KiF) = Sh{A) 


(X + Y .X-Y X + y 


+ M 


X-Y\ 

2 )' 


This function on is holomorphic in A, anti-holomorphic in /r, and identically vanishing if A = /r. It is 
then identically vanishing and the equality (p(l, —1) = 0 shows that Sh{A){X, Y) = 0. The bi-symbol of 
A is identically vanishing. Let / and g in Fe where E <Z FI is & subspace of finite dimension n. Let G 
and m be the constants such that we have ((23l) for all / and g in Fe- Denote by D{E, m) of functions / 
such that the integral I{E,m){f) is finite, where I{E,m){f) is given in (l24)l . We also have 


/ = (27r/i) [ < /, ^xh > 'i’xhdX 

Je^ 

and similarly for g. Then applying |26| (Section V.5) one obtains A{f,g) vanishes. 


□ 
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2.6 Unbounded operators. Sobolev spaces. 


We denote by W the completion of V for the following norm, 

\\u\\w = Ikf + X1 . 

jer 

Using annihilation operators, one has Qh^Sj) + iPhi^j) = V^ah{ej). Using the number operator N = 
'^a\{ej)ah{ej), one has ||u||^ =< (/ + 2hN)u,u > (See also [IH] and [2D] for other Sobolev spaces in 
infinite dimension). 

Proposition 2.8. i) For all {a, b) in , let Fafi{q,p) = a-q + b-p. Then the operator Op^^^\Fab) from 
V into itself, may be extended to an operator from W in pB,h/ 2 ) o.nd we have, 

\\Opr\FM\<C{\a\ + \b\) ||u|k. (44) 

ii) Let F in S 3 {M,e). Then the operator Ah = Op^'^^^F) is bounded from W into W. 

Proof, i) Point i) follows from estimates in Derezihski-G&ard [9] , Lemma 2.1 or Lemma 2.3. The 
operator Op'^’^^\Fah) is then denoted by $ 5(0 + ib). 

ii) For all u in TU and for all j in F, we have from ProDOsition l2.61 

iQhisj) + iPh{ej))AhU = AhiQhiej) + iPhiej))u + hOpl'''^\G j)u 

with Gj{x,^) = ^ + i§^- This function belongs to a set S 2 {Mej,e). From Theorem 1.4 of [T], 

P,|| < M', ||Opr"'(G,)ll < M'e, 

where M' is independent of j. The proposition then follows. 


□ 


3 Reduction to finite dimension. 

With a given bounded operator A in L^{B, PB,h/ 2 ), one always may associate a Wick symbol ah’'‘^^(A). 
If A verifies the hypotheses of Theorem 11.21 we shall associate a Weyl symbol F (which will depend on 
h). Functions F will satisfy Hh/ 2 F = cr)('*‘^^(d). 

We bring this study to issues related to subspaces E of finite dimension in B' C H. One associates two 
partial heat operators with each subspace E C B'. For any bounded continuous function F on and 
for alH > 0, one set, 

{HE,tF){X)= [ F{XFYE)dpE^,t{YE). (45) 

Je^ 
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One can also define a partial heat operator acting, not on the variables of E'^, but on those of its 
orthogonal. The notation E-^ now denotes, 


E-^ = {x € B, u(x) =0 u € E}. 


(46) 


This heat operator related to the variables of {E^Y can only act on bounded continuous functions F on 
with a stochastic extension F (bounded measurable function on B^). One set 


(47) 


{HE^^tF){X) = F{X + YE^)dpL(E^y^t{YE^)- 

J{E^y 


Indeed, we know from Ramer [5T] (Section l.B), that the space E^ defined in (HSl) is also endowed with 
a gaussian measure. Similarly to Ht, we note that. 


sup \{HE±,tF){X)\ < sup |J^(X)|. 


(48) 


If F is bounded and continuous on and if its stochastic extension F exits, then we have, from m 
(Section l.B,), 

Hh/iF = HE,h/2HE^.h/2F- (49) 

We then consider an increasing sequence (A„) of finite subspaces in T whose union is T. We set, 

Ei^Eji) = Vect(ej, j € A^j). 

In Sections m to [7l we shall prove the following propositions. 

Proposition 3.1. Let A be a bounded operator in L‘^{B , pLE^h/ 2 ) satisfying the hypotheses of Theorem 
rHH Then, 


i) the function (A) is in the set Sm+ 4 iM,e). 
a) Setting, 


PE(A„)ix,^) = ( ejix)ej, Y (^kif)ek ) , (x,^) G 

Vi6A„ 


feeA„ 


and by denoting || • ||oo the supremum norm on H^, we have, 

\Wr\A) - arHA) o PEiAjloo <2MY 

j^Ar, 


(50) 


Proposition 3.2. Let A be a bounded operator in L'^{B, pB,h/ 2 ) satisfying the hypotheses in Theorem 
m Then, for all n, there exists a continuous bounded function Fn on such that, if 0 < h < 1, 


i) We have 


HEiA„),Hl2Fn = 


(51) 
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(52) 


ii) The function Fn is in Sm{Mn,s) with 

Mr, = M Y [{1 + KSlhe)) 

i 6 A„ 

where K is a numerical constant and is defined in m- 


Hi) If n < p then the function Fn — Fp is in Sm{Mnp,e) where 


Mnp = M 


Y, K(l + hS^,fhe^^ 

iGAp\A„ 


n (1 + KS^he^^). 

jeAp 


(53) 


These propositions will be proved in Sections H] to [T] Let us verify that Theorem 11.21 follows from these 
propositions. From Proposition 13.21 the sequence (F„) converges to a function F in Sm{M',e) where M' 
is defined in CSl). Let us show that Hfi/ 2 F = From Proposition 8.4 in [1], the functions Fn 

have stochastic extensions Fn- Then, we may apply the operator HE(Ap)-^,h /2 to both sides of equality 
m- We obtain from m and (PI). 


H^/^Fn = 

Let us now take the limit as n goes to infinity. We have from the point iii) of Proposition [221 


(54) 


\Fn{X)-F[X)\<M 


'Yi 

HAp 


Wil + Khe]). 

jer 


From (l48l) we see that, in the sense of the uniform convergence. 



lim Hh/ 2 Fn = Hh/ 2 F. 

n—^oo 

(55) 

We shall also check that. 

lim i7s(A„)v.V2<*'^''(^) = 

n —>00 ^ y ’ / 

(56) 

Indeed, setting, = cr^*'=''(A), 

we have 



ll't' ~ -f^E(A„)-i-,?i/2'k||oo < ll'k — T O Pb(a„)||oo + \\HE{Ap)^,h/2{'^ — 4' O Pe(a„))||oo- 

We have used the fact that -ffE(A„)-L,/i/ 2 ('koPg(A„)) = '^°Pe{Ap)- The limit in (1551) follows from (pi)(|5(I)) 
and of point ii) in Proposition |3lll Using (l54ll(1551)(1561) we obtain F[h/ 2 F = Since the function 

F is in Sm{M' tKe) then a Weyl quadratic form is associated with, by Theorem 12.21 and a bounded 
operator Op^^^^F) associated with, by Theorem 1.4 of [1]. From (l38l) . the Wick symbol of this operator 
is H}^i 2 F. Consequently the operators Op'f^'^\F) and A have the same Wick symbol. From Lemma 2T71 
these two operators are equal. 


Once Propositions 13.11 and 13.21 proved, we have indeed found a function F in Sm{M', Ke) whose corre¬ 
sponding Weyl operator equals to A. Theorem 11.21 is then a consequence of Propositions 13.11 and 13.21 


□ 
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4 Proof of Proposition 13.1 


Let A be a bounded operator A in L'^{B, fJ,B,h/ 2 ) satisfying the hypotheses of Theoreni ll.2l From Theorem 
12.51 we have, 

ar’^{mej),A])=th^^ar>^{A), {[P,,{ej), A]) = -^h^a^\A). (57) 

For all bounded operator B, one has, \cr'^^‘^’^{B){X)\ < ||i?||. Consequently, if A verifies the hypotheses 
of Theorem 1 1.21 one deduces estimates, for each multi-index {a,/3) in A4m+4, 

ld:d^^ar^(A)(x,OI < 

ier 

which prove point i) of Proposition 13.II We deduce, 

lar^(A)(x,0-^r'‘(A)(PE(A^)(x,m < 2M ^ 

i^A„ 

which proves Proposition 13.11 We shall also need analogous estimates on the bi-symbol. One deduces 


from (157)) these estimates by setting, for all j S F, 

dXj 2 J ’ dYj 2 drjj J ' 

With these notations, one has, 

SUme,),A])(X,V) = -h {ShA){X,Y), (58) 

Su{\Ph{e^),A]){X,Y) = -ih {ShA){X,Y). (59) 

Consequently, for all multi-indices (a,/3), 

Sh{{&dPhr{&dQhfA){X,Y) = c^fih}^+^\d,+dyr{d^ + d^fSh{A){X,Y) (60) 

where \cap\ = 1. With m, we deduce that 

\{d, + dyr{d^ + dr,)^Sh{A)iX,Y)\ < h-l“+'5le-3^l^-^l'||(adP^)“(adQ„)'^A||. (61) 


5 Finite dimensional analysis. 

We consider here the case where iL is a real Hilbert space with finite dimension n. Let A be an operator 
satisfying hypothesis of Theorem 11.21 Let $ = ShA its bi-symbol, defined in (HH). We have seen that 
^{X,Y) is holomorphic in X, anti-holomorphic in Y. From (I61L the following norm is finite, 

E l|e-^'^-^''(5. + 9,)“(a^ + 9,)^$||^, (62) 

(a,/9)GA42 
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where || • ||oo is the supremum norm. Note again that a choice of particular basis has been made. 


One introduces in distributions sense an integral transform giving the Weyl symbol F oi A starting from 
the bi-symbol and give estimates on F. This integral is not converging but has to be understood as 
an oscillatory integrals (see Hormander [16]). This leads to a proof of Beals’s theorem in finite dimension 
(see Unterberger Hi]). Setting, 

KBeals(^X,Y,Z) = 

Theorem 5.1. Let FI be a real Hilbert space of finite dimension n. Set {X,Y) —> $(X, T) a function on 
X which is holomorphic in X and anti-holomorphic in Y, such that the norm defined in 

id A) is finite (for some orthonormal basis). Then, 


i) The following integral transform defines, a priori in the sense of distributions, a function which 
is bounded and continuous on H^, 


(B,,$)(Z) = 2"(27r/i)-2” [ ^{X,Y)KK^‘^^^{X,Y,Z)dXdY. 

Jh‘>' 

Moreover, this function satisfies, 

\\Bhnoo<K^Ni^\^) 


(64) 


(65) 


a) Moreover, one has. 


{H,,/^Bh^){Z) = ^Z,Z). 


( 66 ) 


Proof of i). We follow the method of Unterberger Hi]. The change of variables 


T T 

X = z + S+-, Y = Z + S-- 


allows to rewrite ([M]) as, 


{Bh‘^){Z) = 2 "( 27 r/i)-^” / 4 '(S', T, Z)Kh{S, T)dSdT 


IH* 


with 


vi/(,s,r, z) = <i>[z + s + ^,z + s-^ 


(67) 


( 68 ) 


K,,{S,T) = (69) 

Set Sj = (sj,aj), Tj = (tj,Tj). Let Lj and Mj be the operators defined, for each function G{S,T), by 

52 ' 


-1 


L,G = 1 + ^ 


li-h 


9^1 


o'* 
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One verifies that, 


M,G = 



e-T^'^o 



VG. 


LjKh = Kh, M,Kh = Kh 

where the function defined in (1691) . Consequently, 


[ Kh{S,T) 

_ 1 

Jh^ 

j<n 


j <n 


^'(S', T, Z)dSdT. 


We see that, 


= 1 + ^ 


ao(sj /Vh) + ai{sj/'/h)dsj + ha2{sj/\/h)dl 


with 


Similarly, 


Consequently, 


ao(s) = 3 — 4s^, ai(s) = 4s, 02 ( 5 ) = ~1- 


‘M, = 1 + 


ao{(Jj/'/h) + h^^'^ai{ajjVh)da- + ha 2 {(Jj/Vh)dl 


{a,0)GM-2 


Fo,p{Z) = 2"(27r/i) 


- 2 - / ,-hs? 


I m 


n 1 


j<n 

1 \rr\2 


i 


1 + 


a°‘{s/'/h)a^{a/Vh) 


where we have set 


There exists K > 0 such that. 


e-ihl'TI dfd^'i’{S,T,Z)\dSdT 


«“(s) = n 

j<n 


and also 


Consequently, 


TT / e |aj(s)|cis < K, 0 < j < 2 

Jm. 

[ {l+x^)-^dx < K. 

Jr 

\{Bh^){Z)\ < sup e-^l^l'9“af4'(S',T,Z) 


{a,P)^M2 


{S,T)€H^ 
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From the defintion of in (I55)) . 


\{Bh^){Z)\ < /ll«+/3|/2 sup 


(q:,/3)GA<2 




{d^+dyTid^+d^f^XY) 


We then deduce (ITOl) with another constant K. 

Proof of ii). If a function on is written as 

where A and B are in H^, and A ■ Z denotes the bi-C-linear scalar product, then the action of the heat 
operator on verifies, 

Thus, 

(7J^/2iFf y, ■)){Z) = 2-^BhiZ, Z, X, y)e-5fc(l^l'+l^l') 

where Bh is our type of reproducing kernel introduced in (IMl) . Consequently, as in (I35p 

iHh/2Bh<^)iZ) = f $(X, Y)Bh{Z, Z, X, Y)dfiH^hiX, F) = ^Z, Z). 

Jh* 


6 Proof of Proposition 3.2: first step. 

For all operators A satisfying the hypotheses of Theorem 11.21 and for some subsets E of finite dimension 
in B' C H, we shall find a bounded continuous function TE,h{A) on such that 

HE,h/2TE,h{A)=ar\A). (70) 

It is point i) of ProDOsition l3.2l Moreover, we shall give estimations on this function. For all finite subsets 
I in F, let E{I) be the subspace of B' C H spanned by the ej, j G I. Recall that the elements Cj (j G F) 
of our Hilbertian basis are in B'. Let fA 2 {I) be the set of all multi-indices (a,/3) such that aj = Pj = 0 
if j ^ /, and aj < 2 and Pj < 2 if j G L 

Proposition 6.1. Let A be an operator satisfying the hypotheses in Theorem M.A Set I a finite subspace 
ofT. Then, there exists a bounded continuous function TE{i),h{A) on El^ satisfying ( [7d[ ). Moreover, 

\\TEii),h{A)\\^ < Y /i-'“+^'/'||(adP;,)“(adQ,)^7l|| (71) 

{a,l3)GM2{I) 

where K is a numerical constant. 


21 




Proof. We denote E = E{I), E^ the orthogonal complement of E in H, and Z = {Ze, ^e-l) the variable 
in H^. For all Ze^- in {E^)'^, we shall apply Pronosition lS . 1 I reolacing H by E, with the following function 
defined on 

^Z^^{Xe,Ye) = {ShA){XE,ZEr,YE,ZEr). 

Using again notation (|6^ . which a priori only makes sense as an oscillatory integral on E^, one set for 
all Z = {Ze, Ze^-) in 

te(7),,.(A)(Z) =2'^™(^)(27r/r)-2dWB) f {Si,A){Xe, Ze^ ,Ye, ZEr)Kt‘^'%XE,YE, ZE)dXEdYE 

Je* 

where is defined in (ED- One may apply Theorem 15.11 choosing as an orthonormal basis of 

E = E{I), the one constituted with the Oj j S /. With this choice, we have from (IBTI) . 

^ h-l“+^l/2||(adP^)“(adQ/,)'5A|| 

{a,P)eM2{I) 

and the term in the right hand side is finite under hypothesis of Theorem 11.21 From Theorem 15.11 the 
function TE(i)^h{A) is well-defined, continuous and bounded on H'^ and satisfies (iTOl) and (ITT]) . 

□ 


7 Proof of Proposition 13.2t second step. 


For all finite subsets / of F, let us set 

Ti,H = l[{I-HE,,n/2) (72) 

jei 

where Dj is spanned by the vector ej of our Hilbertian basis of H, and HE-^h /2 is the operator defined in 
(1^ . with E replaced by Dj, thus with an integral on Zl|. When / = 0, we set Tj^h = Id. We denote by 
E{I) the subspace of B' spanned by the ej, j G I. Recall that the elements Cj (j G F) of our Hilbertian 
basis of H are in B'. If / = 0 then set E{I) = {0}. For any operator A satisfying the hypotheses in 
Theorem o and for all subspaces E C B' C H ot finite dimension, set TE{i)^h{A) the function on El^ 
defined in the Proposition 16.11 In particular, we may have E = E{I) with I being a finite subset of F. 
We choose an increasing sequence (A„) of finite subsets of F with its union equals to F. For all n, one 
defines a function Fn on by, 

Fn=Y. Fl,hTE(I),h{A). (73) 

/CA„ 

The above sum is running over all the subsets I of A„ including the empty set. We shall show that this 
sequence of functions has indeed the properties announced Proposition [221 


22 




Point i) One has, for all subsets / C A„, 

HE{A„),h/2 = HE(I),h/2HE(A„\I),h/2 

and these operators commutes with each other and with Consequently, 

HE{A^),h/2Fn = ^ Tj^hHE{A„\I),h/2HE{I),h/2TE{I),h{A)- 
/CA„ 

From equality (TfOl) applied to set E{I), one has, 

HE{Ar,),h/2Fn = ^ 

/CA„ 

The following equality is a variant of the binomial formula, 

Tl,hHE{A„\I),h/2 = Id. 

ICArt 

So, we have proved equality (ISTI) . point i) of the Proposition [3^ 

Points ii) and iii) will both be a direct consequence of the following inequality. If A satisfies hypothesis 
in Theorem II.21 for all (a,/?) in Mm, for any finite subset / in P and for all h in (0,1), 

||a“9fTz,„rs(,),^(Al)|U < M{KS^,)W J] hs] J] ^7^^' (^4) 

j&i jer 


where iF is a numerical constant and is defined in (|^ . 

It remains to prove (17^ . If FlE.^h /2 is defined in (|4^ . with E replaced by Dj = Vect (ej), we may write, 

I-HE„H/2 = ^V,idl+dl) 

where the operators Vj are bounded in the space Cb of continuous bounded functions on E[^, and are 
commuting with partial derivatives operators. Moreover, 

\\Vj\\c{Cb) < 1 - 

Therefore, one may rewrite the operator Tj^h defined in (1721) under the following form, 

Tim = Y[m)V,{dl + dl). 

Let N{I) be the set of multi-indices (a, /3) such that Uj = I3j = 0 if j ^ I, and if j G I, either we have 
aj = 2 and Pj = 0, or aj = 0 and Pj = 2. Consequently, 

Wd^d^^Tj^bTEiDMiMoo < {h/ip Y. 

{■y,S)eM{I) 
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On verifies that 


' d d 

dxj dyj 
Consequently, 


A 

dZj 

''■£;(/),?i(^) = TE(I),hAap 


K^^^^^{X,Y,Z) = 0, 


A A 

96 dy. 


where is such that, 


_9 

Aj 


Ki 


\X,Y,Z) = Q. 


(ShA^p){X,Y) = {d,+dyr{d^+dr,f{ShA){X,Y). 


From (1501) . 


^a/3 = c^ph-\^+^\&dPhr{&AQhf A 


where |ca,g| = 1. Then, 

|19“9fT,,^rB(,),^(A)|loo < (V4)'"' ^ /i-l“+'5+^+^l||TB(7),,,((adP^)“+'^(adQ;,)/5+^A|| 

(7.<5)eAr(7) 

From the Proposition 16.11 


\\d':dlTi,hTEiI)AA)\\o. < {Kh/A)\^\ Y. E /7-|“+'5+'r+^|-P+Ml/2 

(7.<5)eAr(7) (A.M)eA^2(7) 

||((adP„)“+^+\adQ„)^+^+^A||. 

If (a,/3) S Mm, ( 7 )^) S Af{I) and (A,^) S M 2 {I), then the sum (a + 7 +A,/3 + (5 + / 7 ) belongs to Mm+i- 
From assumptions of Theorem 1 1.21 

\\d:diTi,hTEii),h{A)\\oo<M{Kh/4^\ Y E 

{~(,S)&X{I) {\,ti.)€M2{i) ler 

The number of multi-indices in M{I) is 2l^l, and the number of multi-indices in M 2 {I) is 9l^L For all 
multi-indices ( 7 , <5) S Af{I), we have Jj+Sj = 2 if j S /. If 0 < /i < 1, for all multi-indices (A, y) S M 2 {I), 
we have where is defined in ([S]). Consequently, we have indeed proved (fM)) with 

another universal constant K. From (l73l) . we deduce the points ii) and iii) of the Proposition [3^ which 
complete the proof of Theorem 11.21 


□ 


8 Composition of operators. 


Theorem 8.1. Let F in Sm+eiM, e) and G in Sm+eiAI',£) (m>0). Then there exists a function Hh 
in Sm{M", (m + 4)e) such that, 

OpZ^\f) o OpZ^\G) = OpZ^\Hu). (75) 
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We have set, 


(8.2) M" = MM' n(l + + ^fSlhe]f 

jer 

where K is a universal constant and Sg is defined in m- 

Proof. For any multi-index {a, fi) in A4m+4 we have, 

(adFhr(adQnf(^Op;:^^‘(F)oOpr^‘(G)J = 

((adPhr'(adQhfOpr^‘(F)J o (^(adPhr"(adQhf'Opr^‘(G)y 

a' + a" = a 
/3'+/3" = fi 

From (fT^ (with m replaced by to-|-6 ) and similarly for G, we have, for each multi-index (a,/3) in j\4m+4, 

{adPhT{adQhf(OpZ^\F) o OpZ^y\G)) || < MM'N{a,fi) [^(1 -h SlirhS.e^^)^ l[{hsjr^+^^ 

ier jer 

where N{a,j3) is the number of decompositions of (a,/3) as a sum of two multi-indices {a',/3') and 
{a",13"). If {a, (3) is in M.m +4 then this number equals is smaller than (m -|- Consequently, 

Op1^''^\f) o satisfies a condition similar to (fldll with Sj remplaced by (m -I- 3)6j. So our 

Theorem 18.11 is is a consequence of Theorem 11.21 


□ 


References 

[1] L. Amour, L. Jager, J. Nourrigat On bounded pseudodififerential operators in Wiener spaces, 
arXiv:1412.1577 

[2] L. Amour, L. Jager, J. Nourrigat, On bounded pseudodijferential operators in a high-dimensional 
setting, Proc. Amer. Math. Soc. 143 (2015) 2057-2068. 

[3] R. Beals, Characterization of pseudodifferential operators and applications, Duke Math. J. 44 (1977), 
no. 1, 45-57 

[4] F. A. Berezin, The method of second quantization. Translated from the Russian, Pure and Applied 
Physics, Vol. 24 Academic Press, New York-London 1966. 

[5] J.M. Bony, Caracterisation des opd. Seminaire EDP, X. Expose n23, 17pp, (1996-1997). 

[6] J.M. Bony, Characterization of pseudo-differential operators, Progress in non linear differential equa¬ 
tions and their applications. Vol. 84. Birkhaiiser, 21-34. (2013). 


25 


[7] J.M. Bony, J.Y. Chemin, Espaces fonctionnels associes au calcul de Weyl-Hormander, Bull. Soc. 
Math. France. 122 , nl 77-118, (1994). 

[8] M. Combescure, D. Robert, Coherent states and applieations in mathematical physics, Theoretical 
and Mathematical Physics. Springer, Dordrecht, 2012. 

[9] J. Derezihski, C. Gerard, Asymptotic completeness in quantum field theory. Massive Pauli-Fierz 
Hamiltonians. Rev. Math. Phys. 11 (1999), no. 4, 383-450. 

[10] G. B. Folland, Harmonic analysis in phase space. Annals of Mathematics Studies, 122. Princeton 
University Press, Princeton, NJ, 1989. 

[11] L. Gross, Measurable functions on Hilbert space, Trans. Amer. Math. Soc. 105 (1962) 372390. 

[12] L. Gross, Abstract Wiener spaces, Proc. 5th Berkeley Sym. Math. Stat. Prob, 2, (1965), 31-42. 

[13] L. Gross, Abstract Wiener measure and infinite dimensional potential theory, in Lectures in modern 
Analysis and applications, II, Lecture Notes in Math 140, 84-116, Springer (1970). 

[14] L. Gross, Potential theory on Hilbert space, J. Functional Analysis 1, (1967) 123-181. 

[15] B. Hall, Holomorphic methods in analysis and mathematical physics. First Summer School in Analysis 
and Mathematical Physics (Guernavaca Morelos, 1998), 159, Gontemp. Math., 260, Amer. Math. 
Soc., Providence, RI, 2000. 

[16] L. Hdrmander, The analysis of linear partial differential operators. Volume III, Springer, 1985. 

[17] S. Janson, Gaussian Hilbert spaces, Cambridge Tracts in Math. 129, Cambridge Univ. Press (1997). 

[18] M. Kree, Propriete de trace pour des espaces de Sobolev en dimension infinie. Bull. Soc. Math. 
France, 105 , (1977) 141-163. 

[19] H. H. Kuo, Gaussian measures in Banach spaces. Lecture Notes in Mathematics, Vol. 463. Springer, 
Berlin-New York, 1975. 

[20] B.Lascor. Proprietes d’espaces de Sobolev en dimension infinie. Comm, in Partial Differential Equa¬ 
tions 1 , 6, (1976) 561-584. 

[21] R. Ramer, On nonlinear Transformations of Gaussian measures, J. Fund. Analysis, 15 (1974), 
166-187. 

[22] M. Reed, B. Simon, Methods of modem mathematical physics, Vol II, Fourier Analysis, selfadjoint¬ 
ness, Academic Press, 1975. 

[23] 1. Segal, Tensor algebras over Hilbert spaces, I, Trans. Amer. Math. Soc, 81 (1956), I04-I34. 


26 



[24] B. Simon, The P(4))2 Euclidean (Quantum) Field theory, Princeton Series in Physics, Princeton 
Univ. Press, Princeton (1974). 

[25] A. Unterberger, Les operateurs metadijferentiels, in Complex analysis, microlocal calculus and rela¬ 
tivistic quantum theory. Lecture Notes in Physics 126 (1980) 205-241. 

[26] K. Yosida, Functional analysis, Reprint of the sixth (1980) edition. Classics in Mathematics. Springer- 
Verlag, Berlin, 1995. 


laurent.amour@univ-reims.fr 

LMR EA 4535 and FR CNRS 3399, Universite de Reims Champagne-Ardenne, Moulin de la Housse, BP 
1039, 51687 REIMS Cedex 2, France. 

rlascar@math.univ-paris-diderot.fr 

Institut Mathematique de Jussieu UMR CNRS 7586, Analyse Algebrique, 4 Place Jussieu, 75005 Paris, 
France. 

jean, nourrigat@univ-reims.fr 

LMR EA 4535 and FR CNRS 3399, Universite de Reims Champagne-Ardenne, Moulin de la Housse, BP 
1039, 51687 REIMS Cedex 2, France. 


27 



